Abstract. For a p-group G of order p n with the derived subgroup of order
Motivation and Preliminaries
The Schur multiplier, M(G), of a group G was appeared in works of Schur in 1904 during works on the projective representation of groups. The Schur multiplier was studied by several authors and proved to be an important tools in the classification of p-groups. For a p-group of order p n , by a result of Green in [9] , we have |M(G)| ≤ p 1 2 n(n−1)−t(G) for t(G) ≥ 0. Several authors tried to characterize the structure of p-groups by invoking t(G). The reader can find the structure of p-groups when t(G) ∈ {0, . . . , 6} in [1, 6, 10, 16, 21, 22] . Later in [15] , the first author improved the Green's bound and showed for any non-abelian p-groups of order p n with |G ′ | = p k , we have |M(G)| ≤ p By the same motivation of [10] , the main part of this paper is devoted to find the structure of all p-groups that attain the bound (1.2), and then we show that all of them are capable.
Recall that a group G is called capable provided that G ∼ = H/Z(H) for a group H. Beyl et al. in [3] gave a criterion for detecting capable groups. They showed a group G is capable if and only if the epicenter of G, Z * (G), is trivial. Ellis in [8] showed Z ∧ (G) = Z * (G), in which, Z ∧ (G), the exterior center of G is the set of all elements g of G for which g ∧ h = 1 G∧G for all h ∈ G and ∧ denotes the operator of the non-abelian exterior square (see for instance [8] to find more information in this topics).
The following technical result characterizes the structure of all minimal nonabelian p-groups. 
Since b
Clearly,
We will show that a
we have a
Let F/R be a free presentation for a group G and π :xR ∈ F/R → x ∈ G be a natural homomorphism and e(X) is used to denote the exponent of a group X. The next result is extracted from the work of Blackburn 
is exact, in where
Proof. By [13, Corollary 3.2.4], we get
We need the following result for the next investigation. 
is a homomorphism. If any two elements of the set {x, y, z} are linearly dependent. Then
(ii) The map
is a homomorphism.
Let d(G) denote the minimal number of elements required to generate G.
where
Proof. Similar to the proof of [5, Proposition 5], we have
Since |G ∧ G| = |M(G)||G ′ | and using the proof of [17, Theorem 1.2], we have
The proof is completed.
We need the following lemma.
Proof. It is clearly obtained by [14, Theorems 49 and 50].
main results
According to [17] 
Proof.
(i) By using [17, Corollary 1.3], we have
.
′ is homocyclic and so n = dα 1 + k. Theorem 1.5 and [13, Corollary 2.2.12] imply
We have a contradiction. Thus d(G) ≤ 3. Clearly, 2 ≤ d(G), as required. 
Proposition 2.2. Let G be a non-abelian finite p-group of order p n such that
By Theorem 1.3, we can see that c ⊗ yG ′ is non-trivial in ker g and so
Hence we have a contradiction. Thus Z(G) ⊆ A and so G = AZ(G) = A. Now, A/G ′ is homocyclic and e(G/G ′ ) ≥ p 2 . Therefore G should be isomorphic to one of three groups is given in the Lemma 1.1. First assume that G ∼ = a, b|a 
In the next, we show if the order of Schur multiplier of a non-abelian p-group G attains the bound, then G is capable. Proposition 2.5. Let G be a non-abelian finite p-group of order p n and the nilpotency class t with
We prove the result by using induction on m. If m = 1, then the result holds by Proposition 2.3. Now let m ≥ 2. Consider a normal subgroup K 1 in K of order p m−1 and using the induction hypothesis, we have
And this completes the proof. 
Proof. By Proposition 2.5, we have |M(G/γ t (G))| attains the bound. We prove induction on j = t − i + 3 for 3 ≤ i ≤ t. If j = 3, then since k ≥ 2, by using Proposition 2.5, |M(G/γ t (G))| attains the bound. Using the induction hypothesis, |M(G/γ i (G))| attains the bound.
attains the bound, as required.
Lemma 2.7. Let G be a finite p-group of class two. Then e(G/Z(G)) = e(G ′ ).
Proof. Straightforward. 
we have m ≤ α 1 and m ≤ α 2 . We claim that α 1 = α 2 . By contrary, let α 1 α 2 . Now we show that
Since α 1 α 2 , we have α 1 − 1 ≥ α 2 and so x 
Clearly, 
